Abstract. In this paper, a new class of open sets, namely γ * -pre-open sets was introduced and its basic properties were studied. Moreover a new type of topology τγp * was generated using γ * -pre-open sets and characterized the resultant topological space (X, τγp * ) as γ * -pre-T 1 2 space.
Introduction
The concepts of pre-open sets and semi-pre-open sets were introduced respectively by Mashhour et al. [6] and Andrijevic [1] . Andrijevic [1] introduced a new class of topology generated by pre-open sets and corresponding closure and interior operators. Kasahara [3] defined the concept of an operation on topological spaces and introduced the concept of α-closed graphs of an operation. Ogata [7] called the operation α (respectively α-closed set) as γ-operation (respectively γ-closed set) and introduced the notion of τ γ which is the collection of γ-open sets in a topological space. Further, he defined the concept of γ-closure and τ γ -closure operators and space.
γ * -pre-open Sets
In this section, we introduce the concept of γ * -pre-open sets and study some of their basic properties. Definition 2.2. Let (X, τ ) be a topological space and A ⊆ X. Then (i) pre-interior [6] (resp. semi-pre-interior [1] ) of A is defined by union of all preopen (resp. semi-pre-open) sets contained in A and it is denoted by pint(A) (resp. spint(A)); (ii) pre-closure [6] (resp. semi-pre-closure [1] ) of A is defined by intersection of all pre-closed (resp. semi-pre-closed) sets containing A and it is denoted by pcl(A) (resp. spcl(A)).
Definition 2.3([3]
). Let (X, τ ) be a topological space. An operation γ on the topology τ is a mapping from τ into the power set P (X) of X such that V ⊆ V γ for each V ∈ τ , where V γ denotes the value of γ at V . It is denoted by γ : τ → P (X).
Definition 2.4([7]).
A subset A of a topological space (X, τ ) is called a γ-open set of (X, τ ), if for each x ∈ A, there exists an open neighborhood U such that x ∈ U and U γ ⊆ A. τ γ denotes set of all γ-open sets in (X, τ ).
Definition 2.5( [7] ). Let (X, τ ) be a topological space and γ : τ → P (X) be an operation on τ . Then for any subset A of X, (i) τ γ -cl(A) = ∩{F : A ⊆ F and X \ F ∈ τ γ };
(ii) τ γ -int(A) = ∪{G : G ⊆ A and G ∈ τ γ }.
Definition 2.6( [7] ). (i) Let A ⊆ X. A point x ∈ A is said to be a γ-interior point of A if and only if there exists an open neighborhood N of x such that N γ ⊆ A and we denote the set of all such points by int γ (A).
That is int γ (A) = {x ∈ A : x ∈ N ∈ τ and N γ ⊆ A for some N };
(ii) A point x ∈ X is called a γ-closure point of A ⊆ X, if U γ ∩ A = ∅, for each open neighborhood U of x. The set of all γ-closure points of A is called the γ-closure of A and is denoted by cl γ (A).
That is cl γ (A) = {x ∈ X : x ∈ U ∈ τ and U γ ∩ A = ∅ for all U }.
A set A is called γ-closed [7] if and only if X \ A is γ-open;
Definition 2.7([7]
). An operation γ on τ is said to be (i) regular, if for any open neighborhoods U , V of each x ∈ X, there exists an open neighborhood W of x such that
such that x ∈ B and U γ ⊇ B.
Definition 2.8( [7] ). Let (X, τ ) be a topological space and γ : τ → P (X) be an operation on τ . Then (X, τ ) is said to be γ-regular, if for each x ∈ X and for each open neighborhood V of x, there exists an open neighborhood U of x such that U γ ⊆ V .
Definition 2.9([9]
). Let (X, τ ) be a topological space and γ : τ → P (X) be an operation on τ . A subset A of X is said to be
Definition 2.10( [9] ). Let (X, τ ) be a topological space and γ : τ → P (X) be an operation on τ . Then for any subset A of X,
Definition 2.11. Let (X, τ ) be a topological space and γ : τ → P (X) be an operation on τ . A subset A of X is said to be a γ * -pre-open set, if A ⊆ int γ (cl γ (A)). The set of all γ * -pre-open sets is denoted by P O γ * (X).
Example 2.1. Let X = {a, b, c}, τ = {∅, X, {a}, {b}, {a, b}, {a, c}} and γ : τ → P (X) be an operation on τ such that
Then P O γ * (X) = {∅, X, {a}, {b}, {a, b}, {a, c}, {b, c}}.
Theorem 2.1. Let {A α : α ∈ J} be the collection of γ * -pre-open sets in a topological space (X, τ ). Then α∈J A α is also a γ * -pre-open set in (X, τ ).
Let X = {a, b, c}, τ = {∅, X, {b}, {c}, {a, c}, {b, c}} and γ : τ → P (X) be an operation on τ such that
Then A = {a, b} and B = {a, c} are γ
Theorem 2.2. Let (X, τ ) be a topological space, A be a subset of X and
Example 2.2. The following example shows that the converse of the above theorem need not be true.
Let X = {a, b, c}, τ = {∅, X, {a}, {b}, {a, b}, {b, c}} and γ : τ → P (X) be an operation on τ such that 
Remark 2.4. The concepts of γ * -pre-open and pre-open are independent. Let X = {a, b, c}, τ = {∅, X, {b}, {c}, {a, b}, {b, c}} and γ : τ → P (X) be an operation on τ such that
Then P O(X) = {∅, X, {b}, {c}, {a, b}, {b, c}} and P O γ * (X) = {∅, X, {b}, {c}, {a, c}, {b, c}}. Thus {a, b} is a pre-open set in (X, τ ) but not γ Proof. Follows from the Definition 2.8 and Theorem 3.6(ii) [7] .
2 Lemma 2.1. Let (X, τ ) be a topological space and γ : τ → P (X) be an operation on τ . If A and B are two subsets of X, then the following are hold:
Proof. Follows from the Definitions 2.6, 2.7 and Lemma 3.10 [7] . (i) Let X = {a, b, c, d}, τ = {∅, X, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}, {a, b, c}, {a, b, d}} and γ : τ → P (X) be an operation on τ such that
Then τ γ -P O(X) = {∅, X, {a}, {c}, {a, b}, {a, c}, {a, d}, {a, b, c}, {a, b, d}, {a, c, d}} and P O γ * (X) = {∅, X, {a}, {b}, {c}, {a, b}, {a, c}, {a, d}, {b, c}, {a, b, c}, {a, b, d}, {a, c, d}}. Thus {b} and {b, c} are γ
(ii) Let X = {a, b, c, d}, τ = {∅, X, {a}, {b}, {a, b}, {b, c}, {a, b, c}, {a, b, d}} and γ : τ → P (X) be an operation on τ such that
Then τ γ -P O(X) = {∅, X, {b}, {c}, {a, b}, {a, c}, {b, c}, {b, d}, {c, d}, {a, b, c}, {a, b, d}, {a, c, d}, {b, c, d}} and P O γ * (X) = {∅, X, {b}, {a, b}, {b, c}, {c, d}, {a, b, c}, {a, b, d}, Proof. Follows from Definitions 2.7, 2.8 and Theorem 3.6(iii) [7] . 2 Lemma 2.2. Let (X, τ ) be a topological space and γ :
Lemma 2.3. Let (X, τ ) be a topological space and γ :
(ii) Follows from (i) and Lemma 2.2(ii). 2 Theorem 2.5. Let (X, τ ) be a topological space and γ : τ → P (X) be a regular operation on τ . Let A be a γ * -pre-open set and
Definition 2.12. Let (X, τ ) be a topological space and γ : τ → P (X) be an operation on τ . Then a subset A of X is said to be
Theorem 2.6. Let (X, τ ) be a topological space, γ : τ → P (X) be a regular and an open operation on τ . Then a subset N of X is γ * -nowhere dense set if and only if any one of the following condition hold: 
Theorem 2.7. Let (X, τ ) be a topological space and γ : τ → P (X) be an operation on τ . Then every singleton set {x} is either a γ * -pre-open set or a γ * -nowhere dense set.
Proof. Suppose {x} is not γ * -pre-open. Then int γ (cl γ ({x})) = ∅. This implies that {x} is a γ * -nowhere dense set in X. 2 Definition 2.13. Let (X, τ ) be a topological space and γ : τ → P (X) be an operation on τ . Then (X, τ ) is said to be γ
Proof. Let A be a γ * -dense subset of (X, τ ). Then A ⊆ int γ (cl γ (A)). This implies that A is a γ * -pre-open set and hence it follows from the assumption that
Definition 2.14. Let (X, τ ) be a topological space and γ : τ → P (X) be an operation on τ . A subset A of a space (X, τ ) is called γ * -pre-closed if and only if X \ A is γ * -pre-open, equivalently a subset A of X is γ * -pre-closed if and only if
Lemma 2.4. Let (X, τ ) be a topological space, A be a subset of X and γ : τ → P (X) be an operation on τ . Then
(ii) Follows from (i) and Lemma 2.2(ii). 2 Definition 2.15. Let (X, τ ) be a topological space, A be a subset of X γ : τ → P (X) be an operation on τ . Then γ * -pre-interior of A is defined as union of all γ * -pre-open sets contained in A.
Thus pint γ * (A) = ∪{U : U ∈ P O γ * (X) and U ⊆ A}.
Definition 2.16. Let (X, τ ) be a topological space, A be a subset of X γ : τ → P (X) be an operation on τ . Then γ * -pre-closure of A is defined as intersection of all γ * -pre-closed sets containing A.
Theorem 2.9. Let (X, τ ) be a topological space, A be a subset of X and γ : τ → P (X) be an operation on τ . Then Theorem 2.10. Let (X, τ ) be a topological space and γ : τ → P (X) be an operation on τ . If A and B are two subsets of X, then the following are hold:
Proof. 
(ii) Follows from (i) and Theorem 2.9(i).
2 Corollary 2.1. Let (X, τ ) be a topological space, γ : τ → P (X) be a regular and an open operation on τ . If A is a subset ofX, then
Proof. (i) By Theorem 2.11(ii) it follows that pint
γ * (cl γ (A)) = cl γ (A) ∩ int γ (cl γ (cl γ (A))) = cl γ (A) ∩ int γ (cl γ (A)) = int γ (cl γ (A)). (ii) By Theorem 2.11(i) it follows that pcl γ * (int γ (A)) = int γ (A)∪cl γ (int γ (int γ (A))) = int γ (A) ∪ cl γ (int γ (A)) = cl γ (int γ (A
)). (iii) Follows from (i) and Theorem 2.11(i). (iv) Follows from (ii) and Theorem 2.11(ii). 2
Theorem 2.12. Let (X, τ ) be a topological space, γ : τ → P (X) be a regular and an open operation on τ . If A is a subset of X, then pcl γ * (pint γ * (A)) = pint γ * (A) ∪ cl γ (int γ (A)).
Proof. Since τ γ ⊆ P O γ * (X), we have that int γ (A) ⊆ pint γ * (A) ⊆ A and hence
γ * -semi-pre-open Sets
In this section, we introduce the concept of γ * -semi-pre-open sets and study some of their basic properties. Let X = {a, b, c}, τ = {∅, X, {b}, {c}, {a, b}, {b, c}} and γ : τ → P (X) be an operation on τ such that
Then P O γ * (X) = {∅, X, {b}, {c}, {a, c}, {b, c}} and SP O γ * (X) = {∅, X, {b}, {c}, {a, b}, {a, c}, {b, c}}. Thus {a, b} is a γ * -semi-pre-open set in (X, τ ) but not γ * -pre-open in (X, τ ).
Theorem 3.1. Let (X, τ ) be a topological space, A be a subset of X and γ : τ → P (X) be an operation on τ .
Theorem 3.2. Let (X, τ ) be a topological space and γ : τ → P (X) be an operation on τ . If {A α : α ∈ J} is a set of all γ * -semi-pre-open sets in (X, τ ), then α∈J A α is also a γ * -semi-pre-open set.
Proof. Since each A α is γ * -semi-pre-open set, implies that there exists a γ Proof. By Theorem 3.1 and Lemma 2.
Definition 3.2. Let (X, τ ) be a topological space and A be a subset of X. Then A is said to be a γ * -semi-pre-closed set if and only if X \ A is a γ * -semi-pre-open set.
Theorem 3.4. Let (X, τ ) be a topological space and γ : τ → P (X) be an operation on τ . If {B α : α ∈ J} is the set of all γ * -semi-pre-closed sets in (X, τ ), then α∈J B α is also a γ * -semi-pre-closed set.
Proof. Follows from Theorem 3.2. 2 Theorem 3.5. Let (X, τ ) be a topological space, γ : τ → P (X) be a regular and an open operation on τ . Then (i) any subset B of X is γ * -semi-pre-closed if and only if int γ (cl γ (int γ (B))) ⊆ B; (ii) if F is γ-closed and B is γ * -semi-pre-closed, then F ∪ B is also γ * -semi-preclosed.
Proof. (i) Follows from Theorem 3.1(i).
(ii) Follows from Theorem 3.3.
2 Theorem 3.6. Let (X, τ ) be a topological space, γ : τ → P (X) be a regular and an open operation on τ . If A is a subset of X, then
Proof. (i) Follows from Lemma 2.4(i) and Theorem 3.5(i). (ii) Follows from (i) and Theorem 3.1(ii). 2
Definition 3.3. Let (X, τ ) be a topological space, A be a subset of X and γ : τ → P (X) be an operation on τ . Then γ * -semi-pre-closure of A and γ * -semi-pre-interior of A are defined as spcl γ * (A) = ∩{F : A ⊆ F and X \ F ∈ SP O γ * (X)} and spint γ * (A) = ∪{U : U ⊆ A and U ∈ SP O γ * (X)} respectively.
Remark 3.3. Let (X, τ ) be a topological space and γ : τ → P (X) be an operation on τ . If A is a subset of X, then (i) spcl γ * (A) is a γ * -semi-pre-closed set containing A;
Proof. (i) Follows from the Definition 3.3 and Theorem 3.4.
(ii) Follows from the Definition 3.3 and Theorem 3.2. 2 Theorem 3.7. Let (X, τ ) be a topological space, γ : τ → P (X) be a regular and an open operation on τ . If A is a subset of X, then
) is a γ * -semi-pre-closed set and hence by Remark 3.
(ii) Follows from (i), Theorem 3.1(ii) and Remark 3.3(ii). 
Topology Generated by γ * -pre-open Sets
Now, we study some properties of the topology generated by γ * -pre-open sets.
Definition 4.1. Let (X, τ ) be a topological space, A be a subset of X and γ : τ → P (X) be an operation on τ . Then A is said to be
* -open sets in a topological space (X, τ ) is denoted by τ γp * ; (ii) τ γ -p * -closed if and only if X \ A ∈ τ γp * .
Remark 4.1. τ γp * ⊆ P O γ * (X), for any τ on X.
Definition 4.2. Let (X, τ ) be a topological space, A be a subset of X and γ : τ → P (X) be an operation on τ . Then τ γ -p * -interior of A and τ γ -p * -closure of A are defined as τ γ -p * -int(A) = ∪{U : U ∈ τ γp * and U ⊆ A} and τ γ -p * -cl(A) = ∩{F : F ∈ X \ τ γp * and A ⊆ F } respectively.
Theorem 4.1. Let (X, τ ) be a topological space and A be a subset of X. Then A is τ γ -p * -closed in (X, τ γp * ) if and only if A∪B is γ * -pre-closed for every γ * -pre-closed set B in (X, τ ).
Theorem 4.2. Let (X, τ ) be a topological space, γ : τ → P (X) be a regular and an open operation on τ . If A is a subset of X, then
Proof. (i) It follows from Definition of τ γp * and Theorem 2.5 that Proof. It is obvious that ∅ ∈ τ γp * and X ∈ τ γp * . Let {A α : α ∈ J} be a collection of
This implies that C ∩ D ∈ τ γp * . Hence τ γp * is a topology on X. 2
Separation Axioms
In this section, we investigate general operator approaches on T i spaces, where
, an operation γ : τ → P (X) on topology τ . Also, we prove some properties.
Definition 5.1. A topological space (X, τ ) is called a γ * -pre-T 0 space if for each pair of distinct points x, y ∈ X, there exists a γ * -pre-open set U such that either x ∈ U and y ∈ U or y ∈ U and x ∈ U . Definition 5.2. A topological space (X, τ ) is called a γ * -pre-T 1 space if for each pair of distinct points x, y ∈ X, there exists a γ * -pre-open sets U and V contain x and y respectively such that y ∈ U and x ∈ V . Definition 5.3. A topological space (X, τ ) is called a γ * -pre-T 2 space if for each pair of distinct points x, y ∈ X, there exists a γ * -pre-open sets U and V such that x ∈ U and y ∈ V and U ∩ V = ∅.
Definition 5.4. Let (X, τ ) be a topological space and A be a subset of X. Then A is called a γ * -pre-generalized closed (briefly γ * -pg.closed) set if pcl γ * (A) ⊆ U whenever A ⊆ U and U is a γ * -pre-open set in (X, τ ).
Remark 5.1. From Definition 5.4, every γ * -pre-closed set is γ * -pg.closed set. But, the converse need not be true.
space if each γ * -pg.closed set of (X, τ ) is γ * -pre-closed.
Theorem 5.1. Let (X, τ ) be a topological space, γ : τ → P (X) be an operation on τ . Then for a point x ∈ X, x ∈ pcl γ * (A) if and only if V ∩ A = ∅ for any
Proof. Let F 0 be the set of all y ∈ X such that V ∩ A = ∅ for any V ∈ P O γ * (X) and y ∈ V . Now, we prove that pcl γ * (A) = F 0 . Let us assume x ∈ pcl γ * (A) and x ∈ F 0 . Then there exists a γ * -pre-open set U of x such that U ∩ A = ∅. This implies that A ⊆ X \ U . Therefore pcl γ * (A) ⊆ X \ U . Hence x ∈ pcl γ * (A). This is a contradiction. Hence pcl γ * (A) ⊆ F 0 . Conversely, let F be a set such that A ⊆ F and X \ F ∈ P O γ * (X). Let x ∈ F . Then we have that x ∈ X \ F and (X \ F ) ∩ A = ∅. This implies that x ∈ F 0 . Therefore
Theorem 5.2. Let (X, τ ) be a topological space and A be a subset of X. Then A is γ * -pg.closed if and only if pcl γ * ({x}) ∩ A = ∅ holds for every x ∈ pcl γ * (A).
Proof. Let U be any γ * -pre-open set in (X, τ ) such that A ⊆ U . Let x ∈ pcl γ * (A). By assumption there exists a point z ∈ pcl γ * ({x}) and z ∈ A ⊆ U . Therefore from Theorem 5.1, we have that U ∩ {x} = ∅. This implies that x ∈ U . Hence A is a γ * -pg.closed set in X. Conversely, suppose there exists a point x ∈ pcl γ * (A) such that pcl γ * ({x}) ∩ A = ∅. Since pcl γ * ({x}) is a γ * -pre-closed set implies that X \ pcl γ * ({x}) is a γ * -pre-open set. Since A ⊆ X \ pcl γ * ({x}) and A is γ * -pg.closed set, implies that pcl γ * (A) ⊆ X \ pcl γ * ({x}). Hence x ∈ pcl γ * (A). This is a contra-diction.
2 Theorem 5.3. Let (X, τ ) be a topological space and A be the γ * -pg.closed set in (X, τ ). Then pcl γ * (A) \ A does not contain a non empty γ * -pre-closed set.
Proof. Suppose there exists a non empty γ 
space.
Case(ii): Suppose that {x} is γ * -pre-closed. Let us assume x ∈ F . Then x ∈ pcl γ * (F ) \ F . This is a contradiction. Hence x ∈ F . Therefore (X, τ ) is a γ * -pre-T 1 2 space. 2 Theorem 5.6. A space (X, τ ) is γ * -pre-T 1 if and only if for any x ∈ X, {x} is γ * -pre-closed.
Proof. Follows from Definitions 2.14 and 5.2. 2 Remark 5.2. (i) Let X = {a, b, c, d}, τ = {∅, X, {b}, {c}, {d}, {b, c}, {b, d}, {c, d}, {a, c, d}, {b, c, d}} and γ : τ → P (X) be an operation on τ such that γ(A) = A if A = {c} cl(A) if A = {c} for every A ∈ τ .
Then (X, τ ) is both γ * -pre-T 0 and γ * -pre-T 1 2 space but not γ * -pre-T 1 . (ii) Let X = {a, b, c, d}, τ = {∅, X, {a}, {b}, {a, b}, {a, c}, {a, b, c}, {a, c, d}} and γ : τ → P (X) be an operation on τ such that Then (X, τ ) is a γ * -pre-T 1 space but not γ * -pre-T 2 .
(iii) In Remark 2.5(i) (X, τ ) is a γ * -pre-T 0 space but not γ-T 0 . (iv) Let X = {a, b, c, d}, τ = {∅, X, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}, {a, b, c}, {a, b, d}} and γ : τ → P (X) be an operation on τ such that Proof. By Theorem 5.5, we prove (X, τ γp * ) is a γ * -pre-T 1 2 space. It is enough to prove that for every x ∈ X, {x} is either γ * -pre-open or γ * -pre-closed in (X, τ γp * ). Suppose {x} ∈ τ γp * , then by Remark 4.1 {x} is γ * -pre-open. Suppose {x} ∈ τ γp * , then there exits a γ * -pre-open set A such that {x} ∩ A is not γ * -pre-open. This implies that {x} is not γ * -pre-open and so int γ (cl γ ({x})) = ∅. This implies that {x} is a γ * -nowhere dense subset of X. This implies that cl γ (X \ cl γ ({x})) = X. Hence by Lemma 2.2(ii) cl γ (int γ (X \ {x})) = X. Since int γ (X \ {x}) ⊆ X \ {x}, we have that cl γ (X \ {x}) ⊆ X. Hence X \ {x} is a γ * -pre-open set in (X, τ ). This implies that {x} is γ * -pre-closed. Hence (X, τ γp * ) is a γ * -pre-T 1 2 space. 2
